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in the excitation spectrum, just as for d & 2. Although the
system is disordered at all finite temperatures, we can nev-
ertheless identify three regions separated by crossover
lines. These regions are characterized by the behavior of
the correlation length as a function of temperature.
The correlation length can be calculated from our re-

cursion relations by integrating them until the renormal-
ized correlation length (O) =e 'g equals the lattice con-
stant. For g & 1+t, t (l ) grows faster than g (l ) and it
suffices to choose l* such that t(l ) =2ir. One-loop re-
sults are only weakly dependent on the precise matching
condition. Although this method cannot give correctly the
amplitudes of singular quantities, it does shed consider-
able light on the phase diagram. Using the exact solutions
of Eqs. (3.1) and (3.2) for the case d=2, we obtain for
(=ae',

g
—1 sinh [sinh(gp/r p) exp [—(1—rp)/r p]] .

ago

(3.4)
The prefactor tp/ago=42//rr(ksT/Ac) is not explicitly
dependent on a. Other choices of the matching condition
would change the coefficient (2/ir) 'i2.
It is easy to show that for the regime 1+t )gp ) 1—t,

g is asymptotically given by (=const(hc/ksT). At pre-
cisely go =1 we find, within our approximation, that as
T~0,

(3.S)

In fact, this is a far more general result than our method
of derivation suggests. Precisely 'at go =g, the system will
behave like a three-dimensional classical spin system at its
critical point, for length scales less than the effective "slab
thickness" PAc. The order will be broken up by two-
dimensional fiuctuations on larger scales, so we conclude
that for go =g„

klan T (3.6)

as T~ 0, where C(i is a universal constant of order unity.
When gp & 1 —t it is easy to show from Eq. (3.4) that

the correlation length ultimately diverges exponentially as
T 0. In this regime one finds within the one-loop ap-
proximation that

I~

g = 0.9 exp(2', /kii T),A, c (3.7a)
kgT

which is shown in Appendix C to be the renormalized spin
stiA'ness at T=0 within the one-loop approximation.
Since p, vanishes as gp 1, it is clear that proximity to
the T=O fixed point at g, can greatly reduce the rate of
growth of (. The prefactor hc/ksT in Eq. (3.7a) is the
thermal de Broglie wavelength of the spin waves (divided
by 2x).
Although the result for the preexponential factor ob-

where p, is the actual spin-stiA'ness constant at T =0, re-
normalized by the quantum fiuctuations. We find that

(3.7b)

tained in the one-loop approximation will change when we
consider two-loop corrections in the renormalized classical
regime, the one-loop expression for the correlation length
is nevertheless rather interesting. If one takes the limit
gp/tp 0 in Eq. (3.4), with t«1, one obtains the one-
loop expression for correlation length in the classical 20
nonlinear cr model, which we may write as

g =0.36a exp(2irp, /ka T) . (3.7c)
Qualitatively we learn from Eqs. (3.7) that for the quan-
tum model, g diverges just as it would in the correspond-
ing classical model except for two facts: (a) p, is the re
normalized spin-stiffness constant and contains the effect
of quantum fiuctuations, and (b) the short-wavelength
cutoff' is the thermal de Broglie wavelength hc/ksT rath-
er than a constant times the lattice spacing a.
We now consider the quantum disordered regime

g&1+t In .this regime the solution of Eqs. (3.1) and
(3.2) shows that g(l) grows faster than t(l), and it is
convenient to choose l* such that g(l*) =2; i.e., g(l*)
=2g, . This yields an implicit equation for e' . As to~ 0
(T 0), g is approximately given by the following ex-
pression:

Qgp/2

(gp 1)+tpexp[ —4(gp —I)/tp] (3.8)

Note that the corrections to the tp =0 value vanish ex-
ponentially fast as tp 0. Thus, we do not expect g to
vary much in this regime as T 0. This exponential
dependence with respect to temperature is the signature of
a gap 5—go 1 in the excitation spectrum for gp & 1.
The overall phase diagram is summarized in Fig. 3.

The central quantum critical region is controlled by the
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FIG. 3. Crossover diagram for the QNLoM at d=2. The

lines marked (1) and (2) are two possible experimental paths for
which the staggered spin-spin correlation length will behave very
differently. As the temperature is lowered along path (2) the
correlation length will become essentially temperature indepen-
dent as it crosses the crossover line. Along path (l) the correla-
tion length will diverge exponentially once it crosses the cross-
over line.
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Quantum criticality of LGW theory of Néel order, Na, a = x, y, z
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O.I. Motrunich and A. Vishwanath, Phys. Rev. B 70, 075104 (2004). 
T. Senthil, A. Vishwanath, L. Balents, S. Sachdev and M.P.A. Fisher,  Science 303, 1490 (2004).

Quantum criticality in a frustrated square lattice antiferromagnet

Valence bond solid (VBS) state
with a nearly gapless, emergent “photon”

N. Read and S. Sachdev, PRL 62, 1694 (1989)

Critical CP1 theory for photons and deconfined spinons:
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Quantum criticality in a frustrated square lattice antiferromagnet

S. Sachdev, M. A. Metlitski, Y. Qi, and C. Xu, PRB 80, 155129 (2009)

SU(2) gauge theory of rotating reference frame
in spin space (similar to Schwinger bosons):

Write the lattice electron operator ci↵ as

Ci =

 
ci" �c†i#
ci# c†i"

!
, Ci = Rsi i

 i =

✓
 i+ � †

i�
 i�  †

i+

◆
, Rsi =

✓
zi" �z⇤i#
zi# z⇤i"

◆

 are fermionic ‘chargons’, Rs is a SU(2) rotation. Spin rotations

are left multiplication of Rs, while right multiplication is an emergent

SU(2) gauge symmetry:

 ! U , Rs ! RsU
† .

We Higgs the SU(2) down to U(1) by condensing (�1)
i †

i�
z i, and the

chargons are then gapped, fully filling the lower band. The resulting

low energy theory is a U(1) gauge theory for the bosonic spinons z↵.
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The valence bond solid (VBS) order parameter is the monopole
operator, M1 of the U(1) gauge theory. Lattice symme-
tries allow source terms only for quadrupled monopoles, M4

in the action. Condensation of monopoles in the confining
phase of the U(1) gauge theory breaks a Z4 lattice rotation
symmetry.
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Quantum criticality in a frustrated square lattice antiferromagnet

M. Scheurer and S. Sachdev, PRB 98, 235126 (2018)

SU(2) gauge theory of rotating reference frame
in pseudospin space (similar to Schwinger fermions):
Write the lattice electron operator ci↵ as

Ci =
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F are fermionic spinons, Rc is a SU(2) rotation. Pseudospin rotations
are right multiplication of Rc, while left multiplication is an emergent
SU(2) gauge symmetry:

F ! FU, Rc ! U †Rc .
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The F spinons move in a ⇡-flux background, while the b1,2 are gapped
chargons. The low energy theory is a SU(2) gauge theory of Nf = 2
Dirac fermions, f
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A non-Abelian duality

Critical theory for photons and deconfined spinons:
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Chong Wang, A. Nahum, M. A. Metlitski, Cenke Xu, and T. Senthil, PRX 7, 031051 (2017)

Critical U(1) gauge (aµ) theory of Nb = 2 relativistic bosons
is dual to

SU(2) gauge (Aµ) theory of Nf = 2 Dirac fermions.
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The fermion theory has a SO(5) global flavor symmetry, and

the gauge-invariant fermion bilinears form a SO(5) vector

which transforms as the Néel and VBS order parameters!

(Nx, Ny, Nz,Re(M1), Im(M1))
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Critical U(1) gauge (aµ) theory of Nb = 2 relativistic bosons
is dual to

SU(2) gauge (Aµ) theory of Nf = 2 Dirac fermions.
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Emergent SO(5) Symmetry at the Columnar Ordering Transition
in the Classical Cubic Dimer Model
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The classical cubic-lattice dimer model undergoes an unconventional transition between a columnar
crystal and a dimer liquid, in the same universality class as the deconfined quantum critical point in spin-
1=2 antiferromagnets but with very different microscopic physics and microscopic symmetries. Using
Monte Carlo simulations, we show that this transition has emergent SO(5) symmetry relating quantities
characterizing the two phases. While the low-temperature phase has a conventional order parameter, the
defining property of the Coulomb liquid on the high-temperature side is deconfinement of monomers, and
so SO(5) relates fundamentally different types of objects. Studying linear system sizes up to L ¼ 96, we
find that this symmetry applies with an excellent precision, consistently improving with system size over
this range. It is remarkable that SO(5) emerges in a system as basic as the cubic dimer model, with only
simple discrete degrees of freedom. Our results are important evidence for the generality of the SO(5)
symmetry that has been proposed for the noncompact CP1 field theory. We describe an interpretation for
these results in terms of a consistent hypothesis for the renormalization-group flow structure, allowing for
the possibility that SO(5) may ultimately be a near-symmetry rather than exact.

DOI: 10.1103/PhysRevLett.122.080601

The classical dimer model on the cubic lattice illustrates
three key mechanisms in three-dimensional (3D) critical
phenomena. Two of these are the appearance of artificial
gauge fields and unconventional phase transitions where
topological effects play a key role. The third, which we
demonstrate here, is the emergence in the infrared (IR) of
unusual non-Abelian symmetries that would be impossible
at a conventional Wilson-Fisher-like critical point.
The close-packed dimer model has a power-law corre-

lated “Coulomb” phase [1,2], governed by an emergent
U(1) gauge field whose conserved flux arises from a
“magnetic field” defined in terms of dimers. A remarkable
phase transition [3] separates this liquid from a “columnar”
phase, illustrated in Fig. 1(a), in which the dimers form a
crystal, spontaneously breaking lattice symmetries. Despite
being entirely classical, this transition is not described by
Ginzburg-Landau theory, but is instead a Higgs transition
of the U(1) gauge theory [4–6]. The effective field theory is
the noncompact CP1 model (NCCP1), in which the gauge
field couples to a two-component bosonic matter field that
condenses at the transition.
NCCP1 is also the effective field theory for the “decon-

fined” Néel-valence-bond solid (VBS) phase transition
[7,8] in 2þ 1D quantum antiferromagnets [9–18] and a
related lattice loop model [19]. This raises the possibility
that the dimer model exhibits a surprising emergent
symmetry: Simulations of the loop model show SO(5)

symmetry emerging at large scales [20]—either exactly or
to an extremely good approximation. Earlier work on
topological sigma models for deconfined critical points
[21,22] revealed that SO(5) is a consistent possibility in the
IR, despite the fact that it cannot be made manifest in the
gauge theory [23]. The Néel-VBS transition involves a
three-component antiferromagnetic order parameter and a
two-component VBS order parameter; SO(5) allows all five
components to be rotated into each other. This symmetry
can be understood through a set of dualities for NCCP1 and
related theories [24].

FIG. 1. Dimer model phases and interactions. (a) Columnar
phase (one of six symmetry-related ground states). (b) Disordered
configuration typical of high-temperature Coulomb phase.
(c) Pairs of nearest-neighbor parallel dimers (back face of cube)
contribute energy −v2. (d) Four parallel dimers around a cube
contribute v4.

PHYSICAL REVIEW LETTERS 122, 080601 (2019)

0031-9007=19=122(8)=080601(6) 080601-1 © 2019 American Physical Society
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“Studying linear system sizes up to L=96, we find that this symmetry 
applies with an excellent precision, consistently improving with system size 
over this range. It is remarkable that SO(5) emerges in a system as basic as 
the cubic dimer model, with only simple discrete degrees of freedom. Our 
results are important evidence for the generality of the SO(5) symmetry 
that has been proposed for the noncompact CP1 field theory. We describe 
an interpretation for these results in terms of a consistent hypothesis for 
the renormalization-group flow structure, allowing for the possibility that 
SO(5) may ultimately be a near-symmetry rather than exact.”
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The nature of the pseudogap phase of cuprates remains a major puzzle.    

Although there are indications that this phase breaks various symmetries, there is 

no consensus on its fundamental nature1. Although Fermi-surface2, transport3 and 

thermodynamic4 signatures of the pseudogap phase are reminiscent of a transition 

into a phase with antiferromagnetic order5,6, there is no evidence for an associated 

long-range magnetic order. Here we report measurements of the thermal Hall 

conductivity κxy in the normal state of four different cuprates (La1.6-xNd0.4SrxCuO4, 

La1.8-xEu0.2SrxCuO4, La2-xSrxCuO4, and Bi2Sr2-xLaxCuO6+δ) and show that a large 

negative κxy signal is a property of the pseudogap phase, appearing with the     

onset of that phase at the critical doping p*. Since it is not due to charge carriers – 

as it persists when the material becomes an insulator, at low doping –  or magnons 

– as it exists in the absence of magnetic order – or phonons – since skew scattering 
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M. Lizaire, F. Laliberte, A. Gourgout, J. Zhou, S. Pyon, T. Takayama,         
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in the physics of network models of edge states akin to the
Chalker-Coddington network model for the integer quantum
Hall transition38. We will then turn to powerful numerical tools
to unambiguously identify the universal properties of the chiral
spin liquid.

The key step of our first argument is to view each triangle of
spins as the seed of a chiral topological phase, a puddle encircled
by an edge state, as illustrated in Fig. 2a. The natural candidate for
the phase filling the puddle is the bosonic n¼ 1/2 Laughlin
state39, which is the simplest bosonic quantum Hall state known
to possess the SU(2) symmetry required by our construction. It is
also the state envisioned by Kalmeyer and Laughlin4. Forming a
lattice out of the elementary triangles, we should then consider a
situation with many individual puddles of this topological phase.
To see what collective state is formed, we have to understand how
two corner-sharing triangles of the Kagome lattice are joined.
This situation of edges meeting at the corner spin shared by two
triangles is an incarnation of two-channel Kondo physics40,41, for
which it is well-known that the edges will heal42,43 if the coupling
to the centre spin is symmetric, as illustrated in Fig. 2b and
discussed in more detail in the Methods section. Thus, the corner
spin has merged the two triangles to form a larger puddle
encircled by a single edge state, that is, to form a larger region of
the topological phase. We can repeat the above step (Fig. 2) for all
pairs of corner-sharing triangles of the Kagome lattice. The
system then forms one macroscopic, extended region of a single
topological phase with one edge state encircling its outer
boundary, as illustrated in Fig. 1b, and with closed loops
encircling the interior hexagons of the Kagome lattice. We thus
obtain a direct realization of the Kalmeyer–Laughlin state for a
CSL phase.

Numerical identification of the CSL. We now turn to a
numerical identification of the CSL at the chiral point y¼p/2 of
Hamiltonian (2) and in its vicinity by studying the three hallmark
properties of a chiral topological phase: the presence of a gapped
spectrum with a topological degeneracy on the torus, a gapless
edge state with a universal spectrum of low-energy excitations,
and anyonic bulk excitations. On a technical level, we resort to
exact diagonalization and density-matrix renormalization group
(DMRG) calculations to extract energy spectra, entanglement
spectra and modular matrices for various system configurations.
To label their diameter and boundary condition, we will use the
notation introduced in ref. 30; see also the Methods section.

We first demonstrate that the system has a finite gap in the
thermodynamic limit. To this end, we consider a sequence of
XT4-0 tori of length up to 5 unit cells, shown in Fig. 3a. For
systems with NZ18 sites, there clearly is a low-lying excitation,
which can be attributed to a twofold near-degeneracy of the
ground state. All excitations above these near-degenerate ground
states are separated by a spectral gap of roughly DE0.05. Further
consistent evidence for the gap can be obtained from exact
diagonalization of a 36-site XT6-3 cluster and on XT4-2 clusters
of size up to 30 sites (not shown). As a further consistency check,
we can extract the gap for long, thin cylinders using DMRG.
Performing this for cylinders of type XC4-0 with up to 100 sites,

a b

Figure 1 | Hamiltonian and network model perspective. (a) Kagome lattice considered in this manuscript, where grey shading indicates the elementary
triangles. Arrows on the bonds indicate the direction induced by the magnetic flux F enclosed in each triangle. (b) Visualization of the network-model
perspective on the chiral spin liquid phase arising from Hamiltonian (2). Consistent with a chiral topological phase, a collective edge state encircles the
whole systems. In this particular model, additional closed edges encircle each hexagon.

Two-channel Kondo physics

a

b

Figure 2 | Network model perspective. (a) Sketch of a puddle of
topological phase replacing each triangle of three spins. (b) Behaviour of
two corner-sharing triangular puddles of the topological phase.
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Figure 3 | Exact diagonalization results. (a) Excitation energies on small
tori of type XT4-0 up to length 5. (b) Energy gap on a thin, long strip of
width 4 sites; dashed lines indicate the extrapolation to N-N. The two
different branches denote systems with an even (black) and odd (blue)
number of unit cells. (c) Entanglement entropy at the centre of the same
system as (b) on a semi-logarithmic scale for even (black) and odd (blue)
number of unit cells; dashed lines indicate a fit. Both fits are consistent with
c¼ 1. In all panels, N is the total number of lattice sites.
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Semion topological order,
i.e. the Kalmeyer-Laughlin chiral spin liquid,

appears for J�/J > 0.01 (BZ = 0).
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FIG. 19. (Color online) iDMRG results for the scalar chiral
order parameter, O�, Eq. (34), versus J� for the groundstates
of H�, Eq. (35), constructed from a YC8-̂i sector. Each data-
point represents a O�[m ! 1, J�], which is the result of a
separate extrapolation on individual O� versus "m toward the
thermodynamic limit of "m ! 0 (m ! 1). The red line is

our attempted fit of b̃0 + b̃1J
b̃2
� to the black circles, excluding

the first two J� points (where the chirality is zero within the
error-bars), which is used to estimate the phase transition
when O�[m ! 1, Jcritical

� ] = 0. A zoom-in plot is presented
in the inset, as a guide to the eyes.

part, leading another question of our interest: is the SL
phase robust against perturbing HJ2 with a term that
explicitly breaks the ⌧ -symmetry and forms a chiral long-
range order? To answer this question, one can study the
J1-J2-J� model,

H� = HJ2 + J�
X

hi,j,ki

(Si ⇥ Sj) · Sk , (35)

where hi, j, ki indicates the sum over all NN triangular
plaquettes in a Hamiltonian unit cell. The phase diagram
of H� is previously studied using variational QMC87 and
ED84 techniques, however, no clear result has emerged on
the nature of the J� ! 0 limit. To shed some lights on
this matter, in this section we study the response of the
YC8-̂i groundstates85 to the chiral field by adiabatically
adding a J�-term to HJ2 , as in Eq. (35), and finding
new groundstates using the SU(2)-symmetric iMPS and
iDMRG methods.

We present our results for the extrapolated O� in the
thermodynamic limit of m ! 1 in Fig. 19. We no-
tice that, within our resolution, upon varying J�, there
is at least one (significant) point exposed to nonzero
chiral perturbations, but has negligible O�(m ! 1)
within the error-bars. This means that the topological
SL phase is robust against chirality and one needs to
provide ⌧ -symmetry-breaking terms larger than a finite-
value, namely Jcritical

�
, to impose a chiral groundstate.

To further predict this small Jcritical
�

, we applied a fit of

b̃0 + b̃1J b̃2
�

to the data and find Jcritical
�

= (� b0
b1
)

1
b2 =

0.0014(1). These results also suggest the existence of
a second order phase transition toward the CSL phase.
This is consistent with the suggestion from Wietek and
Läuchli84, and may clarify the results of Hu et al.87,
where it is unclear if O� would be zero or not in the
J� ! 0 limit.

X. CONCLUSION

We have presented comprehensive results for the phase
diagram of the J1-J2 Heisenberg model on triangular
lattices, using infinite-length YC structures. Using the
Binder ratio of the magnetization order parameter, Ur,
Eq. (31), and TOS columns of the momentum-resolved
ES, we have obtained phase boundaries and character-
ized the nature of the symmetry breaking magnetic or-
der. We found that the Binder ratio reliably detects
phase boundaries between magnetically ordered states,
even when using SU(2) symmetry, where the order pa-
rameter itself is zero by construction. We identified
the 120�-ordered groundstate as a three-sublattice LRO
with full SU(2)-symmetry-breaking in the thermody-
namic limit; the columnar-ordered groundstate as a two-
sublattice LRO with partial SU(2)-symmetry-breaking
at the thermodynamic limit, and confirm the nonmag-
netic nature of the SL states on infinite cylinders of
widths up to 12 sites. In addition, we have discovered
the stabilization of a new ASL phase, with power-law
correlation lengths, for width-6 infinite cylinders. We
have pinpointed the phase transitions between the infi-
nite cylinder’s groundstates of the THM, precisely, us-
ing the Binder ratios. The transitions are relatively
close to the phase boundaries found from the direct mea-
surements of the local order parameters using fDMRG
on Ly = 3, 4, 5, 6-cylinders, and short-range correlations
and fidelity susceptibility phase diagrams from iDMRG
calculations. In addition, for the columnar order, we
have numerically proved that the entropies consistently
obey SEE = a0(Ly) + (↵0 + ↵1Ly) log(⇠), a mixture of
the area-law and the quantum critical behavior, as ex-
pected for the magnetic phases built by the inherently
one-dimensional SU(2)-symmetric iMPS ansatz. To the
best of our knowledge, a set of numerical tools to ef-
ficiently distinguish and classify LROs were previously
absent in the SU(2)-symmetric iDMRG literature. Con-
sidering the advantages of SU(2)-symmetric calculations,
we suggest that the proposed methods can be applied
widely to detect symmetry broken states using the iMPS.

Finally, to unravel the true nature of time-reversal
symmetry-breaking in the topological SL, we have in-
vestigated the robustness of YC8-̂i sector under perturb-
ing HJ2 with a chiral term, Eq. (35) (it was previously
suggested77 that YC8-̂i states are prone to become chi-
ral under applying bond anisotropies to the Hamilto-
nian). The results of the scalar chiral order parameter,

O�(m ! 1), versus J� can be fitted using b̃0+b̃1J b̃2
�

with

Triangular lattice antiferromagnet

S. N. Saadatmand and I. P. McCulloch, PRB 96, 075117 (2017)

J2/J1 = 1/8; critical J� = 0.0014
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the six-body parent Hamiltonians of the exact KL state with
periodic boundary conditions derived earlier7,9. The long-range
interactions can be challenging to achieve experimentally. One
may argue however that deforming the Hamiltonian will not
dramatically change the physical properties of the ground state as
long as no phase transition is crossed. With this in mind and
specializing to an Lx! Ly square lattice with Lx even, we
investigate the local Hamiltonian that remains after removing
all long-range interactions and making all coupling strengths
position independent:

H¼J2

X

on;m4
2Sn # Sm þ J 02

X

% n;m&
2Sn # Sm

'J3

X

on;m;p4’

4Sn # Sm!Sp
! "

:
ð3Þ

Here Sn¼ðSx
n; Sy

n; Sz
nÞ is the spin operator of the nth spin. As

indicated in Fig. 1a, the first (second) two-body term is summed
over all pairs of nearest (next-nearest) neighbour spins, and the
three-body term, which breaks time reversal symmetry, is
summed over all triangles of neighbouring spins (for each
triangle only one term is included and n,m,p label the vertices of
the triangle in the counter clockwise direction as indicated with
the arrow). The Hamiltonian conserves the total spin Stot¼

P
n Sn

and is hence SU(2) invariant. In the following, we shall
parameterize the coupling strengths as J2¼ Jcos(f1)cos(f2),
J02¼ Jsin(f1)cos(f2) and J3¼ Jsin(f2).

To test how much the deformation of the Hamiltonian affects
the ground state, we show the overlap between the ground states
before and after the deformation as a function of f1 and f2 in
Fig. 2 and as a function of lattice size in Table 1. Even if the states
are close, the overlap is expected to decrease exponentially with
the total number of spins in the system due to the increase in
Hilbert space dimension. This effect can be counteracted by
considering the overlap per site, which is defined as the Nth root
of the overlap, and we also provide this measure in the table. The
figure reveals a region with overlaps close to unity and shows that,
for example, f1¼ 0.07! 2p and f2¼ 0.03! 2p (marked with the

white circle) is a reasonable choice of parameters. The overlaps
per site in Table 1 are around 0.999 for all the considered lattice
sizes and seem not to decay with lattice size. These results are a
strong indication that the deformation of the Hamiltonian does
not bring the system to a different phase. In fact, we may regard
equation (2) as an analytical approximation to the ground state,

J2

J ′2
J3

x

y

z Er1

Er2

Eb3

Spin up / down

|↑〉 |↑〉

|↓〉
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!

Figure 1 | Model and implementation. (a) The considered spin lattice Hamiltonian (3) is a sum of local two- and three-body interactions. (b) For suitable
parameters, it is effectively equivalent to the Fermi–Hubbard-like Hamiltonian in equation (5), of which we here show the kinetic energy parts

Hkin,s, sA{m, k}. Specifically, each arrow/line/wiggle from position nto m on the lattice represents the contribution ~tðeifâ
y
msâns þ e'ifâ

y
nsâmsÞ to Hkin,s with

~t and fgiven in the figure. (c) N fermions trapped in the optical lattice potential we propose to use for implementing the Fermi–Hubbard-like Hamiltonian.
(d) We encode the spin-up and -down states in four internal hyperfine levels of the fermions. The blue/red states feel the blue/red potential in
(c) and are hence trapped at the blue/red lattice sites. In this setting, we can implement the nearest-neighbour hopping terms through Raman transitions
as indicated with the dashed blue and red lines in (d). For this we need the three standing wave laser fields shown in (b). Er1 and Er2 are directed
along the x- and y axis, respectively, and are illustrated with the red dashed lines. Eb3 is directed along the z axis and is illustrated with the blue round
shadow (explicit expressions for the fields are given in Table 3). The next-nearest-neighbour hopping terms are implemented as a combination of
hops induced by the fields listed above and tunnelling between nearest-neighbour sites in the blue/red lattice.
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Figure 2 | Phase diagram. Phase diagram of the Hamiltonian in
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equation (3) for a 4! 5 lattice with open boundary conditions. C is the total
Chern number of the states c0T0 and c0T1 on a 4! 5 lattice with periodic
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topological phase (C¼ 1), the two states are well separated from higher
energy states in the same subspaces and flow into each other under
flux insertion (like in Fig. 3b). The white square, triangle and circle mark
possible parameter choices considered in the text. We omit f2¼0 because
the additional symmetries present for this case may cause the lowest
energy states in the considered subspaces to be degenerate.
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Square lattice antiferromagnet

J1 = 2J cos(�1) cos(�2)

J2 = 2J sin(�1) cos(�2)

J� = 4J sin(�2)
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SU(2) gauge theory of rotating reference frame
in pseudospin space (similar to Schwinger fermions):
Write the lattice electron operator ci↵ as

Ci =

 
ci" �c†i#
ci# c†i"

!
, Ci = FiRci

Fi =

 
fi" �f†

i#
fi# f†

i"

!
, Rci =

✓
bi1 bi2
�b⇤i2 b⇤i1

◆

F are fermionic spinons, Rc is a SU(2) rotation. Pseudospin rotations
are right multiplication of Rc, while left multiplication is an emergent
SU(2) gauge symmetry:

F ! FU, Rc ! U †Rc .
<latexit sha1_base64="bpCjgwiGVyKNQcSNZQqeaKpmvFk="></latexit>

The F spinons move in a ⇡-flux background, while the b1,2 are gapped
chargons. The low energy theory is a SU(2) gauge theory of Nf = 2
Dirac fermions, f

<latexit sha1_base64="NgCSYwludsAozwZW9/7JCuGO49U="></latexit>



We focus on two possible mass terms
for the Dirac fermions: m1, induced
by Néel order, and m2 induced by
chiral topological order. There is a
line in the m1,m2 plane where the
occupied bands switch from Chern
numbers {1,�1} (the Néel state) to
{1, 1} (Néel order co-existing with
semion topological order).

<latexit sha1_base64="OhBDDu6MgJgvOOZ7DtoKcLtTQ/Y="></latexit>

S. Chatterjee, Haoyu Guo, S. Sachdev,  R. Samajdar, M. S. Scheurer, N. Seiberg, and Cenke Xu, arXiv:1903.01992

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

�t1
<latexit sha1_base64="ea5IousgMvwLCwZlNkvxCsFoRyI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4rmLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HdzO//cS1EYl6xEnKg5gOlYgEo2gl/wL7HulXa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpal3XPrXsPV7XGbRFHGU7gFM7Bg2towD00wQcGAp7hFd4c5bw4787HorXkFDPH8AfO5w/F1o39</latexit><latexit sha1_base64="ea5IousgMvwLCwZlNkvxCsFoRyI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4rmLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HdzO//cS1EYl6xEnKg5gOlYgEo2gl/wL7HulXa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpal3XPrXsPV7XGbRFHGU7gFM7Bg2towD00wQcGAp7hFd4c5bw4787HorXkFDPH8AfO5w/F1o39</latexit><latexit sha1_base64="ea5IousgMvwLCwZlNkvxCsFoRyI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4rmLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HdzO//cS1EYl6xEnKg5gOlYgEo2gl/wL7HulXa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpal3XPrXsPV7XGbRFHGU7gFM7Bg2towD00wQcGAp7hFd4c5bw4787HorXkFDPH8AfO5w/F1o39</latexit><latexit sha1_base64="ea5IousgMvwLCwZlNkvxCsFoRyI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4rmLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HdzO//cS1EYl6xEnKg5gOlYgEo2gl/wL7HulXa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpal3XPrXsPV7XGbRFHGU7gFM7Bg2towD00wQcGAp7hFd4c5bw4787HorXkFDPH8AfO5w/F1o39</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit> �t1
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The vicinity of the critical point is
described by Nf = 1 Dirac fermion
coupled to a SU(2) gauge field Aµ at
level �1/2

Lf = f�µ(@µ�iAµ)f+mff�1

2
CS[Aµ]

The transition is tuned by the change
in sign of m.
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<latexit sha1_base64="ea5IousgMvwLCwZlNkvxCsFoRyI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4rmLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HdzO//cS1EYl6xEnKg5gOlYgEo2gl/wL7HulXa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpal3XPrXsPV7XGbRFHGU7gFM7Bg2towD00wQcGAp7hFd4c5bw4787HorXkFDPH8AfO5w/F1o39</latexit><latexit sha1_base64="ea5IousgMvwLCwZlNkvxCsFoRyI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4rmLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HdzO//cS1EYl6xEnKg5gOlYgEo2gl/wL7HulXa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpal3XPrXsPV7XGbRFHGU7gFM7Bg2towD00wQcGAp7hFd4c5bw4787HorXkFDPH8AfO5w/F1o39</latexit><latexit sha1_base64="ea5IousgMvwLCwZlNkvxCsFoRyI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4rmLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HdzO//cS1EYl6xEnKg5gOlYgEo2gl/wL7HulXa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpal3XPrXsPV7XGbRFHGU7gFM7Bg2towD00wQcGAp7hFd4c5bw4787HorXkFDPH8AfO5w/F1o39</latexit><latexit sha1_base64="ea5IousgMvwLCwZlNkvxCsFoRyI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4rmLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HdzO//cS1EYl6xEnKg5gOlYgEo2gl/wL7HulXa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpal3XPrXsPV7XGbRFHGU7gFM7Bg2towD00wQcGAp7hFd4c5bw4787HorXkFDPH8AfO5w/F1o39</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>
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<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>
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Lf = f�µ(@µ�iAµ)f+mff�1

2
CS[Aµ]

When m > 0, we can integrate out
f and there is no net CS term. The
SU(2) gauge theory confines, and we
obtain Néel order.
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Lf = f�µ(@µ�iAµ)f+mff�1

2
CS[Aµ]

When m < 0, we can integrate out f
and we obtain a net CS term at level
�1. The SU(2) gauge theory at level
�1 describes the semion topological
phase.
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t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit>

t1
<latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit><latexit sha1_base64="d1P95hXyUi6Ys3wGF60SfT/LaaQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xc7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt3P/8YkbK2L9gNOEh4qOtBgKRjGX+gHpV2t+3c9BVklQkBoUaParX71BzFLFNTJJre0GfoJhRg0KJvms0kstTyib0BHvOqqp4jbM8ltn5MwpAzKMjSuNJFd/T2RUWTtVketUFMd22ZuL/3ndFIfXYSZ0kiLXbLFomEqCMZk/TgbCcIZy6ghlRrhbCRtTQxm6eCouhGD55VXSvqgHfj24v6w1boo4ynACp3AOAVxBA+6gCS1gMIZneIU3T3kv3rv3sWgtecXMMfyB9/kDXASNxg==</latexit> �t1
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ܷ 1 ିయమ
 with a fermion     ܷ 1 ଶ with a scalar  

                       
                       Global ܱ 2  symmetry 

ܷ/ܷ or ܱܵ/ܱܵ 
duality 

Sܷ 2 ିభమ
 with a fermion      Sܷ 2 ଵ with a scalar 

 
                       Global SO 3  symmetry 

ܷܵ/ܷ duality ܵܲ/ܵܲ duality 

ܷܵ/ܷ duality 

Same IR fixed point 
Global SO 3  symmetry 

Fig. 1: Four UV theories, related by dualities, flow to the same IR fixed point.

The two UV theories with SU(2) gauge symmetry have a global SO(3) symmetry,
and therefore the IR theory also has that global symmetry. The two UV theories

with U(1) gauge symmetry have only O(2) global symmetry. The duality implies
that they have an enhanced quantum SO(3) global symmetry in the IR.

quantum SO(3) global symmetry [45] (see fig. 1). In all these cases the monopole operator

of U(1)k in the theory on the left side of the duality, whose spin is k
2 , is an important

operator in the theory on the right side. It is the scalar in the first case, it is the free

fermion in the second case, and it is the new current of the enhanced SO(3) symmetry in

the third case.3

3 One might wonder whether the theory of U(1)3 with a scalar, which has a monopole operator

of spin 3
2 and a global U(1) symmetry, could have N = 2 supersymmetry in the IR. It has a dual

description as SO(3)− 3
2

∼= SU(2)−3/Z2 with a fermion in the adjoint [45], which seems to have

N = 1 supersymmetry. However, this supersymmetric theory is expected to be gapped [50] with

a low energy SO(3)−1
∼= SU(2)−2/Z2 trivial TQFT. As we vary the fermion mass, we can find a

transition to another gapped phase with a TQFT SO(3)−2
∼= SU(2)−4/Z2 ↔ SU(3)−1 ↔ U(1)3.

The duality statement could mean that the theory at this transition point is dual to the U(1)3

theory with a scalar. However, since we needed to change the fermion mass from the supersym-

metric point, we broke supersymmetry explicitly and there is no reason to believe that the IR

2
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SU(2) gauge theory of rotating reference frame
in pseudospin space (similar to Schwinger fermions):
Write the lattice electron operator ci↵ as

Ci =

 
ci" �c†i#
ci# c†i"

!
, Ci = FiRci

Fi =

 
fi" �f†

i#
fi# f†

i"

!
, Rci =

✓
bi1 bi2
�b⇤i2 b⇤i1

◆

F are fermionic spinons, Rc is a SU(2) rotation. Pseudospin rotations
are right multiplication of Rc, while left multiplication is an emergent
SU(2) gauge symmetry:

F ! FU, Rc ! U †Rc .
<latexit sha1_base64="bpCjgwiGVyKNQcSNZQqeaKpmvFk="></latexit>
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SU(2) gauge theory of rotating reference frame
in spin space (similar to Schwinger bosons):

Write the lattice electron operator ci↵ as

Ci =

 
ci" �c†i#
ci# c†i"

!
, Ci = Rsi i

 i =

✓
 i+ � †

i�
 i�  †

i+

◆
, Rsi =

✓
zi" �z⇤i#
zi# z⇤i"

◆

 are fermionic ‘chargons’, Rs is a SU(2) rotation. Spin rotations

are left multiplication of Rs, while right multiplication is an emergent

SU(2) gauge symmetry:

 ! U , Rs ! RsU
† .

We Higgs the SU(2) down to U(1) by condensing (�1)
i †

i�
z i, and the

chargons are then gapped, fully filling the lower band. The resulting

low energy theory is a U(1) gauge theory for the bosonic spinons z↵.
<latexit sha1_base64="y81uRbxiqqpup92BhpZSCj/W6QA="></latexit>
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We Higgs the SU(2) down to U(1) by condensing (�1)
i †

i�
z i, and the

chargons are then gapped, fully filling the lower band. The resulting

low energy theory is a U(1) gauge theory for the bosonic spinons z↵.
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The fermionic chargons  fully occupy a band with Chern number 1,
and are gapped. When the R bosons are also gapped, we obtain the
state with semion topological order. When the bosons condense, we
obtain a trivial state. The critical theory is a SU(2) gauge theory at
level 1 coupled to massless self-interacting scalar.

<latexit sha1_base64="89cbSjEoEcyDqPdoCQoBOq5FMm8="></latexit>
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Fig. 1: Four UV theories, related by dualities, flow to the same IR fixed point.

The two UV theories with SU(2) gauge symmetry have a global SO(3) symmetry,
and therefore the IR theory also has that global symmetry. The two UV theories

with U(1) gauge symmetry have only O(2) global symmetry. The duality implies
that they have an enhanced quantum SO(3) global symmetry in the IR.

quantum SO(3) global symmetry [45] (see fig. 1). In all these cases the monopole operator

of U(1)k in the theory on the left side of the duality, whose spin is k
2 , is an important

operator in the theory on the right side. It is the scalar in the first case, it is the free

fermion in the second case, and it is the new current of the enhanced SO(3) symmetry in

the third case.3

3 One might wonder whether the theory of U(1)3 with a scalar, which has a monopole operator

of spin 3
2 and a global U(1) symmetry, could have N = 2 supersymmetry in the IR. It has a dual

description as SO(3)− 3
2

∼= SU(2)−3/Z2 with a fermion in the adjoint [45], which seems to have

N = 1 supersymmetry. However, this supersymmetric theory is expected to be gapped [50] with

a low energy SO(3)−1
∼= SU(2)−2/Z2 trivial TQFT. As we vary the fermion mass, we can find a

transition to another gapped phase with a TQFT SO(3)−2
∼= SU(2)−4/Z2 ↔ SU(3)−1 ↔ U(1)3.

The duality statement could mean that the theory at this transition point is dual to the U(1)3

theory with a scalar. However, since we needed to change the fermion mass from the supersym-

metric point, we broke supersymmetry explicitly and there is no reason to believe that the IR
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Another non-Abelian duality

Critical SU(2) gauge theory of N1 = 2 relativistic bosons
at CS level 1
is dual to

SU(2) gauge theory of Nf = 1 Dirac fermion
at CS level -1/2.

<latexit sha1_base64="DxOewko8Wohz9968pP0JlBYtArI="></latexit>

Lf = f�µ(@µ�iAµ)f+mff�1

2
CS[Aµ]

<latexit sha1_base64="nEAMkdLdaRiI8Fa34HrYGZem3eQ="></latexit>

Lz = |(@µ�iAµ)z|2+s|z|2+u(|z|2)2+CS[Aµ]
<latexit sha1_base64="8icIO6Nr0ALnUf9YOvwsCDLhNqs="></latexit>
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Both theories have an emergent global SO(3) symmetry
<latexit sha1_base64="g/FsxI4AZiTTksB4ug/Li4nANOM="></latexit>
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Fig. 1: Four UV theories, related by dualities, flow to the same IR fixed point.

The two UV theories with SU(2) gauge symmetry have a global SO(3) symmetry,
and therefore the IR theory also has that global symmetry. The two UV theories

with U(1) gauge symmetry have only O(2) global symmetry. The duality implies
that they have an enhanced quantum SO(3) global symmetry in the IR.

quantum SO(3) global symmetry [45] (see fig. 1). In all these cases the monopole operator

of U(1)k in the theory on the left side of the duality, whose spin is k
2 , is an important

operator in the theory on the right side. It is the scalar in the first case, it is the free

fermion in the second case, and it is the new current of the enhanced SO(3) symmetry in

the third case.3

3 One might wonder whether the theory of U(1)3 with a scalar, which has a monopole operator

of spin 3
2 and a global U(1) symmetry, could have N = 2 supersymmetry in the IR. It has a dual

description as SO(3)− 3
2

∼= SU(2)−3/Z2 with a fermion in the adjoint [45], which seems to have

N = 1 supersymmetry. However, this supersymmetric theory is expected to be gapped [50] with

a low energy SO(3)−1
∼= SU(2)−2/Z2 trivial TQFT. As we vary the fermion mass, we can find a

transition to another gapped phase with a TQFT SO(3)−2
∼= SU(2)−4/Z2 ↔ SU(3)−1 ↔ U(1)3.

The duality statement could mean that the theory at this transition point is dual to the U(1)3

theory with a scalar. However, since we needed to change the fermion mass from the supersym-

metric point, we broke supersymmetry explicitly and there is no reason to believe that the IR
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Identify S+ = b†, as

in Kalmeyer-Laughlin,

and the bosons form

a ⌫ = 1/2 FQH state.

Perform the Dasgupta-

Halperin boson-vortex

duality, and the rela-

tivistic scalar is the dual

quasiparticle (‘vortex’)

operator
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with U(1) gauge symmetry have only O(2) global symmetry. The duality implies
that they have an enhanced quantum SO(3) global symmetry in the IR.
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Write S+ = f1f2. Both
fermions fill bands with

Chern number 1 in the

topological state. One

of the fermions occu-

pies a band with Chern

number 0 in the triv-

ial state.
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A quadrilarity
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2
CS[Aµ]
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The two UV theories with SU(2) gauge symmetry have a global SO(3) symmetry,
and therefore the IR theory also has that global symmetry. The two UV theories

with U(1) gauge symmetry have only O(2) global symmetry. The duality implies
that they have an enhanced quantum SO(3) global symmetry in the IR.
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operator in the theory on the right side. It is the scalar in the first case, it is the free

fermion in the second case, and it is the new current of the enhanced SO(3) symmetry in

the third case.3
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description as SO(3)− 3
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∼= SU(2)−3/Z2 with a fermion in the adjoint [45], which seems to have

N = 1 supersymmetry. However, this supersymmetric theory is expected to be gapped [50] with

a low energy SO(3)−1
∼= SU(2)−2/Z2 trivial TQFT. As we vary the fermion mass, we can find a

transition to another gapped phase with a TQFT SO(3)−2
∼= SU(2)−4/Z2 ↔ SU(3)−1 ↔ U(1)3.

The duality statement could mean that the theory at this transition point is dual to the U(1)3
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