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Part 2: quantum criticality, “self-duality”.
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Disorder of interest

Vi(r)=20

V(r)V (i) = gem /R

Long-wavelength disorder:

R > Vg




Composite fermions

Lopez, Fradkin; Jain; Halperin,Lee,Read; Kalmeyer, Zhang.

Electrons

Cm b (Ratn) s

Composite fermions
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Chern-Simons term
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Flux-attachment



Composite fermions and the half-filled LL
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Composite fermions and the half-filled LL

y=1/2 m— Vef = 00

~ [ = 11
Lecf =f<KA+a,+u> f A 247Tada+---
_ b
Fome): <ff> - _E Net zero field at
B b+ B = (0 halffilling: Fermi
Half-filling: <J?f> _ ym sea of CFs.
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: symmetry, quantum
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C. Wang, N. Cooper, B. Halperin, A. Stern, PRX 7, 031029 (2017).

P. Kumar, M. Mulligan, SR, PRB 2018.



Particle-hole symmetry at half-filling

1

ph symmetry constraint at half-filling: 0 yq) = 4—
T

This constraint holds even with disorder V(r) if

Vn(r) =0, n = odd

In this case, each disorder realization breaks ph, but disorder
averaged quantities are ph symmetric.



Particle-hole symmetry at half-filling

S. Kivelson, D.-H. Lee, Y. Krotov, J. Gan, PRB 1997.

1

ph constraint at half-filling: O g = 4_
T

NN\ NN\ cf
H y al Pab = Pab + 4mEqp
N NN eab=<_01 (1))
1

C . . .
ph constraint at half-filling: O-:UL@]; — — Disorder is crucial here.

4mr

How to get this from CFs in zero net field?



CFs with disorder
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CFs with disorder

11

c:_[A{ . ) |
Leg f( Ata T ) f 247Tada+

Disorder at half-filling: ,u(’l“) = M1/2 T V(T')

Linear response: 1 = 1y /o + xV

a; eq. of motion: g = _% — V(r) —
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CFs with disorder
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CFs with disorder
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Linear response: 1 = 1y /o + xV
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CFs with disorder

/. 1 1
Log=F (Kava+n) f+5-ada+---
Disorder at half-filling: (7)) = p1/2 + V() B m

Linear response: 1 = 1y /o + xV

a; eq. of motion: g = _i — V(r) —
A1 2m

£cf:f(f(a-|-,u1/2 bz(?;))f | ;;ﬁ(a—A)d(a—A)+...

Disorder problem: random potential slaved to random flux.
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Intuitive argument
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Numerical calculation

momentum space calc. real space lattice calc.
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Particle-hole symmetry

occurs in the long wavelength limit.



Analytic theory

We can treat the disorder problem non-perturbatively.
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Analytic theory

We can treat the disorder problem non-perturbatively.

Hcfzi{(p-l-a)z—b}, b=V Xa

2m

Analogy: spin-1/2 system in a magnetic field with g=2:

1 2+~ g
_ 1 i+ 4o
H v {(p—l—a) —I-Qba

unpaired zero energy mode occurs for
arbitrary disorder strength provided g=2.
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Why g=2: 1) Flux attachment ll ﬁr)mel\gfarg:;lgée: 2T
0n = YO

g=2 realizes SUSY quantum mechanics

y, =pu+ay

AR T = [P 0] = QO

o fa LT H =y = o [P b)) = QG

Idea: use the doubled system to compute O'C];






For any disorder strength at g=2:
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Note - since CFs see average zero field: anomalous Hall affect.

Berry Curvature on the Fermi Surface: Anomalous Hall Effect
as a Topological Fermi-Liquid Property

E D. M. Haldane

Department of Physics, Princeton University, Princeton New Jersey 08544-0708, USA
(Received 28 June 2004; revised manuscript received 20 October 2004; published 11 November 2004)

1
cf _ _
Oy = = i 7T Berry phase.



Summary (so far)

CF mean-field theory with disorder: slaved potential and flux.

PH symmetric dc transport from composite fermions

Zero modes of CF mean-field

P
[\ /\ ﬂ\ theory lead to proper dc transport.
>

(a) E

/\ /\ m Next: QCP at stronger disorder.
>
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Part 2: quantum criticality, “self-duality”.
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P. Kumar et al., unpublished.



DOS

v =1/2as a quantum critical point

Letb(r) = by + db(r)with db(r) = 0.

bp <0:v.p = —1 bp >0:v.r =0
A
| |
| s |
O\/\/

| a |

Localized : Localized :
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bo =0:v= 1/2 Integer QH transition of cfs.

At the qgcp: 02{3 = —1/4r.



v =1/2as a quantum critical point

Laughlin gauge argument:

1
States at Er _

i States at Er
cf __
Opy = —1/4m must be extended.

Extended states at Er: topological term of a non-linear sigma model.



Explicit approach

K. Efetov, A. Larkin, D. Khemlnitskii, JETP 1981.

We can derive this explicitly from our model. Here is the sketch:
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Explicit approach

K. Efetov, A. Larkin, D. Khemlnitskii, JETP 1981.

We can derive this explicitly from our model. Here is the sketch:

_ [ - b
ﬁcf:f<Ka+M1/2 gg(;,?)f

Hubbard-Stratanovich
transformation at g=2.

L=9D+ "+ O(g —2)

Gradient expansion of
Goldstone modes about

saddle point.
O-a’;aj 2 O-LUy :uv V=2x,Y
— 22Ty (6,9 €., Tr [Q0,90,9 o
CIR 87-(- (a’u ) T 1224 [ a'u al/ ] G/H = U(n) x U(n)

n — 0



“Self-duality”

The theory of the transition in cf language:

O xro O

Tr [(auﬂ)ﬂ e Tt [Q0,00,0)
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G/H = U(2n)

U(n) x U(n)
n — 0



“Self-duality”

The theory of the transition in cf language:

O xro O

Lin= 22T [(@LQ) } e, Tr[20,00,9)
p, v =2a,y
In electron coordinates (Pruisken, Dung-Hai Lee) G/H = U(gf”g(n)
n— 0

[/IR — 0;;:1: 1r {(({9“@)2} | Oémy EW/TI” [Q@MQ{}V@]

(s (s

Same theory in 2 different languages: “self-duality”.
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NN NN\
H H al beb = Pab + 4T€qp
NN NN\

self-duality: pZ“Z = Pba

1
using agi = T (Poas Pay) = 2m (1, 1)
n At the critical point.
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NN\ NN\
H H al pgb — Pab =+ 47T€a,b
NN\ NN

self-duality: pgé = Dba

1
using U:Cci — —4—, (pxzr;apxy) = 27 (17 1)
n At the critical point.
= 0, = —— At the critical point.
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Heuristic: network models

Imag. time

space

PN

Network model = worldline of a SU(2n) spin chain.

J1, J2: Antiferromagnetic exchange couplings.

QCP = “spin Pierels” transition of spin chain.



Heuristic: network models

Network model for Comp05|te fermions: ON+1

L ff — —dea w edge modes
’-’

N +1
Letr = il ada
4
V>0
SU(Qn) Spin ladder with 2N+1 legs /
Jq Jo o e e

o8
AR

K: FM coupling



Summary

1) weak-disorder: particle-hole symmetric dc transport.

2) stronger disorder: gh-to-insulator gcp. System does not
localize due to a topological term in the NLSM.,



Summary

1) weak-disorder: particle-hole symmetric dc transport.

2) stronger disorder: gh-to-insulator gcp. System does not
localize due to a topological term in the NLSM.,

3) For the experts: Fermion zero modes of HLR mean-field theory
suggest an equivalence with Dirac composite fermion theory (i.e. both

theories flow to the same IR fixed pt).
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nu=1/2: critical point critical point and
between two gh states. nu=1/2 phase distinct.

Which is correct??
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