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Why is Our Universe Big,  
Old, and full of structures? 
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mysteries in the context of 
evolving Universe. 
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Rapid Accelerated Inflationary Expansion 
in the early Universe can solve 
The Horizon Problem 
    Why is our Universe Big? 
The Flatness Problem  
    Why is our Universe Old? 
The Monopole/Relic Problem 
    Why is our Universe free from exotic relics? 
The Origin-of-Structure Problem 
    Why is our Universe full of structures? 

tim
e 



The last 50〜60 e-folds of inflationary expansion  
has been probed by high precision observations  
such as those conducted by WMAP, Planck etc.,  
and they are highly consistent with the theory. 
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multiproduction of universes？ 

Many inflation models predict  
multiproduction of universes. 

inflation 

Then a question arises: 
Is our Universe of 1st generation? 
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multiproduction of universes？ 

If dark energy is Λ,our Universe 
will be asymptotically de Sitter. 

Inflation ≅ de Sitter expansion 

inflation 



De Sitter space can tunnel to another 
de Sitter space with a different Λ.	

iΛ
Hawking and Moss (1983)  
Lee and Weinberg (1987) 
… 
multiverse 
string landscape…	



A big universe 
filled with tiny 
dark energy	

A small universe 
filled with large 
inflaton energy	

Quantum  
Tunneling	



The Hawking Moss Instanton	

( )sV φ

An O(4) symmetric bounce solution	

unit 3 sphere	

Euclidean action of the Einstein scalar theory	

  
!ρ = dρ

dξ

Static scalar field 
 

configuration	

Solution	 Euclidean action	



top( )V φ
fv( )V φ

If                                       ,  so that the change of the geometry  
is negligible, we find	

Hawking Temperature 
of De Sitter space	

Weinberg (2007)	

 !!ΔV ≡V(φtop)−V(φ fv )≪V(φtop)

!!
BHM ≅ 3ΔV

8G2V 2(φ fv )
= 8π

2

3 Hfv
−4ΔV = 4π3 Hfv

−3 ΔV
TH

!!
TH =

H(φ fv )
2π

with	

Thus this process can be interpreted as a thermal transition with  
the Hawking temperature of de Sitter space, 
but only approximately.	

!!
H fv
2 = 8πG3 V(φ fv )



In	fact,	the	Hawking-Moss	bounce	can	be	interpreted	solely	by	
gravitational	(Bekenstein,	Horizon)	entropy.	

Horizon	area	

		
A= 4πH−2 = 4π 8πGV(φs )

3
⎛

⎝⎜
⎞

⎠⎟

−1

= 3
2GV(φs )

Horizon	entropy	

		
S = A

4G = 3
8G2V(φs )

This	result	can	be	obtained	by	calculating	the	Euclidean	action	
using	static	coordinate	with	which	“bulk	Lagrangian”	vanishes	
due	to	Hamiltonian	constraint,	so	that	only	horizon	contribution	
remains.	

 		 L= p !q−H =0Schematically:		

=0	due	to	static	nature	of	the	metric	
=0	due	to	the	Hamiltonian	constraint	



The horizon contribution arises because… 
Euclidean De Sitter space in static representation        : Euclidean time	

unit 2 sphere	

In this Euclidean description, the horizon            is a coordinate singularity 
similar to the origin in the 2D polar coordinate where     behaves like an  
angular variable    . 

1r H −=
  !tθ

We regularize the coordinate singularity 
at the horizon introducing a hypothetical  
surface at                    .	

 	!t

Lapse	function	

The	surface	integral	
	
	
	
gives	rise	to	the	desired	result.		



In this picture transition to the 
potential top is suppressed  
NOT because it has larger 
energy density BUT because 
it has smaller entropy. 

top( )V φ
fv( )V φ

		= Aexp S(φtop )− S(φfv )⎡⎣ ⎤⎦

Oshita	&	JY	1603.06671	
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filled with tiny 
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Quantum  
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The	universe	can	recycle	itself	to	another	universe	with	possibly	
different	properties.	

We	may	not	have	to	consider	the	real	beginning	of	the	universe.	

This	scenario	prefers	a	pure	cosmological	constant/vacuum	energy	
with															.	1w = −

Garriga	and	Vilenkin	1998	



A big universe 
filled with tiny 
dark energy	

A small universe 
filled with large 
inflaton energy	

Quantum  
Tunneling	

So far only phase transitions between      
two pure de Sitter space have been 
considered in this context.                     

But usually, phase transitions occur  
around some impurities as catalysts.    

Black holes may catalyze cosmological 
phase transitions.             



Studies	on	phase	transitions	in	the	early	Universe	around	a	black	hole		
was	pioneered	by	Hiscock	in	1987.		He	assumed	that	the	black	hole		
mass	does	not	change	during	bubble	nucleation	around	a	black	hole.	

More	recently,	Gregory,	Moss,	&	Withers	(2014)	revisited	the	problem.	
They	started	with	a	Schwarzschild	de	Sitter	space	and	considered		
nucleation	of	a	thin-wall	bubble	of	true	vacuum	with	a	remnant		
black	hole	in	the	center.						cf	Coleman	De	Luccia	(1980)	

They	calculated	Euclidean	actions	before	and	after	bubble	nucleation,	
postulating	that	the	nucleation	rate	is	given	by	
	
	  !!Γ = Ae−B , !!!B = I

⊙
− ISdS

They	have	taken	the	effects	of	conical	deficits	properly,		
obtaining	a	term	proportional	to		the	surface	area	of	the	horizon.		

Euclidean	action	of	a	true	vacuum	bubble	surrounded		
by	false	vacuum	with	a	BH	in	the	center	

They	have	also	observed	that	the	BH	mass	may	change.				



BH	BH	
M+

0Λ =
Moss	(1985)	

The	outer	geometry	remains	the	same	Schwarzschild	space		
even	after	the	phase	transition,	thanks	to	the	Birkhoff’s	theorem.	

!!
TH =

MPl
2

8πM+

As	the	Hawking	temperature	increases	to	the	mass	scale									of	a	Higgs-like	scalar		
field						,		its	symmetry	is	restored	and	a	false	vacuum	bubble	is	created	around		
the	black	hole	and	supported	by	outward	pressure.			

	m
φ

0Λ =

1
28

3
GVπ

−
⎛ ⎞= ⎜ ⎟⎝ ⎠

�

M�

M+

thin	wall	bubble	with	surface	tension	

	ε 4 >0

		
H2 = 8πGε

4

3

vacuum	energy		
density	

	rw
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thin	wall	bubble	with	surface	tension	

	ε 4 >0

		
H2 = 8πGε

4

3

vacuum	energy		
density	

	φ =0 φ
	φ0

	ξ
4

	ε 4

		U[φ]

	φ =φ0

		m2

	rw Particles	coupled	to						are	massless	
inside	the	bubble	and	reflected	by	
the	wall	unless	they	have	a	large	
enough	energy.	

φ

With	appropriate	choices	of	couplings	we	find	thermalized	radiation	
inside	the	bubble	with	temperature							substantially	smaller	than	the	
Hawking	temperature,	and	the	radius	of	the	bubble	is	determined	by	
thermodynamic	consideration.		

	T

Moss	(1985)	

		
rw =

3q
2
m
ε 2
, 		T =6 2 ε

2

m
	q :	coupling	parameter	O(1)	

 		ε 4 ≫T 4 is	possible.	



H

�

M�

M+

R

!!
ds2 = − f±(r)dt2 +

dr2

f± (r)
+ r2dΩ2

f+ = 1� 2GM+

r

f� = 1� 2GM�
r

�H
2
r
2

Outer	Schwarzschild	

Inner	Schwarzschild	de	Sitter	

Wall	trajectory	

!!(t±(τ ),r±(τ ),θ ,φ)
!τ : !proper	time	of	the	wall	

 !!
f±(R)!t±2(τ )−

!R±
2(τ )
f±(R)

=1

Geometries	
3-sphere	

!r+ = r− ≡ R !!
dτ 2 = f±(R)dt2 −

dR2

f±(R)
−R2dΩ2



We	analyze	the	dynamics	of	this	thin	wall		
shell	using	Israel’s	formalism	and	consider		
its	quantum	tunneling	to	form	a	wormhole	
configuration.	



H

�

M�

M+

R

Israel’s junction condition	

 	
!t = ∂t

∂τ

2

After the bubble nucleation, the inner geometry la-
beled with a suffix − is Schwarzschild de Sitter space,
which is connected with the outer Schwarzschild geome-
try labeled by a suffix + by a thin wall bubble with sur-
face tension σ. Since such a local process cannot change
the outer geometry, it must remain Schwarzschild space-
time with mass M+. Then the inner and outer metrics
are given by

ds2 = −f±(r)dt
2 +

dr2

f±(r)
+ r2dΩ2, (1)

f+(r) ≡ 1−
2GM+

r
, f−(r) ≡ 1−

2GM−

r
−H2r2.

We describe the wall trajectory in terms of the local co-
ordinates (t±(τ), r±(τ), θ,ϕ) on each side depending on
the proper time τ of an observer on the wall, so that they
satisfy

f±(r±)ṫ
2
±(τ)−

ṙ2±(τ)

f±(r±)
= 1, (2)

where a dot denotes derivative with respect to τ . We
take the radial coordinates so that the radius of the bub-
ble is given by R = r+ = r− in both inner and outer
coordinates.
The evolution of the bubble wall is described by the

following equation [14, 20, 21] based on Israel’s junction
condition [22]

β− − β+ = 4πGσR ≡ ΣR, (3)

where β+ ≡ f+ṫ+ = ±
√

f+ + Ṙ2 and β− ≡ f−ṫ− =

±
√

f− + Ṙ2. From (3) we find the wall radius satisfies
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FIG. 2: Shape of the potential V (z) as a function of z with
s = 0.9. We have taken γ = 1 for illustrative purpose, al-
though we actually expect γ ! 10−3 for MX ! MGUT. When
E takes the value indicated by the dashed line, there is a
static Euclidean solution of a bubble with a finite radius. For
E smaller than this value, a growing or decaying Lorentzian
bubble may be connected from an Euclidean solution.

the following equation similar to an energy conservation
equation of a particle in a potential V (z).

(

dz

dτ ′

)2

+ V (z) = E, V (z) ≡ −
1

1− s

γ2

z
−
(

1− z3

z2

)2

,

(4)

E ≡ −
γ2

[2GM+χ(1− s)]
2

3

, χ ≡ (H2+Σ2)
1

2 , γ ≡
2Σ

χ
. (5)

Here dimensionless coordinate variables are defined by

τ ′ ≡
χ2τ

2Σ
, z3 ≡

χ2R3

2GM+(1 − s)
, with s ≡

M−

M+

. (6)

As is seen in Fig. 2, the potential V (z) has a concave
shape with the maximum V (zm) ≡ Vmax given by

Vmax = −3
z6m − 1

z4m
, (7)

z3m = ±

[

2 +

(

1

2
−

γ2

4(1− s)

)2
]

1

2

−
(

1

2
−

γ2

4(1− s)

)

. (8)

In Eq. (8), one must take a positive (negative) sign for
s < 1 (s > 1), respectively. In this system, obviously, an
Euclidean solution is possible if and only if E ≤ Vmax.
Let us concentrate on the case E = Vmax where there
is an Euclidean solution of a static bubble, since E de-
creases in accordance with the decrease of the original
black hole mass M+ due to the Hawking radiation. We
calculate the Euclidean action of the instanton. This
bubble is unstable in Lorentzian spacetime and may start
expansion or contraction with the same probability after
nucleation. We are of course interested in the case bubble
wall expands after nucleation.
There are four relevant parameters in this system,

namely, χ, γ, M+, and s. Among them, χ and γ are de-
termined by underlying high energy field theory. For the
static bubble configuration, we find only the range s < 1
is relevant, and from E = V (zm) and V ′(zm) = 0 we can
express M+ and s as monotonic functions of v ≡ z3m as

s =
v2 + (1− γ2

2
)v − 2

(v − 1)(v + 2)
, (9)

M+ =
γv

3
√
3Gχ

v + 2

v + 1
(v2 − 1)−

1

2 . (10)

From the above analysis alone, one may think that s
may take arbitrary small value down to s = 0. This is
not the case, however, because the requirement that the
time must proceed in the same direction in both inside
and outside the wall, or in other words, that β+ and β−

must have the same sign imposes a nontrivial constraint
on s [14]. For s < 1, in which we are interested, we find

 		n± ∝d(r −R(τ ))∝(− !R, !t± ,0,0)

 		β± = f±(R)nr± = f±(R)!t±

Extrinsic	curvature	

		K ±θθ = rf±(r)nr ≡ rβ±

normal	vector	

	n+

	n−

		K+θθ −K−θθ = −4πGσR
Junction	condition	
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the outer geometry, it must remain Schwarzschild space-
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take the radial coordinates so that the radius of the bub-
ble is given by R = r+ = r− in both inner and outer
coordinates.
The evolution of the bubble wall is described by the
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condition [22]
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√
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FIG. 2: Shape of the potential V (z) as a function of z with
s = 0.9. We have taken γ = 1 for illustrative purpose, al-
though we actually expect γ ! 10−3 for MX ! MGUT. When
E takes the value indicated by the dashed line, there is a
static Euclidean solution of a bubble with a finite radius. For
E smaller than this value, a growing or decaying Lorentzian
bubble may be connected from an Euclidean solution.

the following equation similar to an energy conservation
equation of a particle in a potential V (z).
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shape with the maximum V (zm) ≡ Vmax given by
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In Eq. (8), one must take a positive (negative) sign for
s < 1 (s > 1), respectively. In this system, obviously, an
Euclidean solution is possible if and only if E ≤ Vmax.
Let us concentrate on the case E = Vmax where there
is an Euclidean solution of a static bubble, since E de-
creases in accordance with the decrease of the original
black hole mass M+ due to the Hawking radiation. We
calculate the Euclidean action of the instanton. This
bubble is unstable in Lorentzian spacetime and may start
expansion or contraction with the same probability after
nucleation. We are of course interested in the case bubble
wall expands after nucleation.
There are four relevant parameters in this system,

namely, χ, γ, M+, and s. Among them, χ and γ are de-
termined by underlying high energy field theory. For the
static bubble configuration, we find only the range s < 1
is relevant, and from E = V (zm) and V ′(zm) = 0 we can
express M+ and s as monotonic functions of v ≡ z3m as

s =
v2 + (1− γ2
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)v − 2

(v − 1)(v + 2)
, (9)
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√
3Gχ
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From the above analysis alone, one may think that s
may take arbitrary small value down to s = 0. This is
not the case, however, because the requirement that the
time must proceed in the same direction in both inside
and outside the wall, or in other words, that β+ and β−

must have the same sign imposes a nontrivial constraint
on s [14]. For s < 1, in which we are interested, we find

 !!
f±(R)!t±2(τ )−

!R±
2(τ )
f±(R)

=1
 		β±

2 = f±
2(R)!t±2 = f±2 + !R2square	

Bulk	energy	of	the	bubble	 Surface	contribution	 ≫
thin	wall	condition	

an	Analogue	of	“energy	conservation”	

		
M+ =M− +

4π
3 R3ε 4 +4πσR2 β+ +β−

2

		
M+ ≅M− +

4π
3 rw

3ε 4 from	the	initial	condition	of	the	bubble.	



square  
square	

“potential”	V(z)	 total	“energy”	E	

!!
z ≡ χ 2/3

(2GM+ )1/3(1− s)1/3
R ⌧ 0 =

�2

8⇡G�
⌧

!
s ≡

M−

M+

 !!β+ = f+(R)!t+ = ± f+
2 + !R2

 !!β− = f−(R)!t− = ± f−
2 + !R2

		
≈ ε 2

MPl

 		
≈ 8πGσ

H
≈ ξ 4

mε 2MPl

∼
ε
MPl

≪1

!!

dz
d ′τ

⎛
⎝⎜

⎞
⎠⎟

2

− γ 2

1− s
1
z
− 1− z3

z2
⎛

⎝⎜
⎞

⎠⎟

2

= − γ 2

(2GM+χ)
3
2(1− s)32

Thin	shell’s	motion	=	1	dimensional	system	in	quantum	field	theory	
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2
±(τ)−
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√
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FIG. 2: Shape of the potential V (z) as a function of z with
s = 0.9. We have taken γ = 1 for illustrative purpose, al-
though we actually expect γ ! 10−3 for MX ! MGUT. When
E takes the value indicated by the dashed line, there is a
static Euclidean solution of a bubble with a finite radius. For
E smaller than this value, a growing or decaying Lorentzian
bubble may be connected from an Euclidean solution.
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shape with the maximum V (zm) ≡ Vmax given by
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In Eq. (8), one must take a positive (negative) sign for
s < 1 (s > 1), respectively. In this system, obviously, an
Euclidean solution is possible if and only if E ≤ Vmax.
Let us concentrate on the case E = Vmax where there
is an Euclidean solution of a static bubble, since E de-
creases in accordance with the decrease of the original
black hole mass M+ due to the Hawking radiation. We
calculate the Euclidean action of the instanton. This
bubble is unstable in Lorentzian spacetime and may start
expansion or contraction with the same probability after
nucleation. We are of course interested in the case bubble
wall expands after nucleation.
There are four relevant parameters in this system,

namely, χ, γ, M+, and s. Among them, χ and γ are de-
termined by underlying high energy field theory. For the
static bubble configuration, we find only the range s < 1
is relevant, and from E = V (zm) and V ′(zm) = 0 we can
express M+ and s as monotonic functions of v ≡ z3m as
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From the above analysis alone, one may think that s
may take arbitrary small value down to s = 0. This is
not the case, however, because the requirement that the
time must proceed in the same direction in both inside
and outside the wall, or in other words, that β+ and β−

must have the same sign imposes a nontrivial constraint
on s [14]. For s < 1, in which we are interested, we find
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beled with a suffix − is Schwarzschild de Sitter space,
which is connected with the outer Schwarzschild geome-
try labeled by a suffix + by a thin wall bubble with sur-
face tension σ. Since such a local process cannot change
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are given by
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2
±(τ)−
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where a dot denotes derivative with respect to τ . We
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ble is given by R = r+ = r− in both inner and outer
coordinates.
The evolution of the bubble wall is described by the

following equation [14, 20, 21] based on Israel’s junction
condition [22]
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FIG. 2: Shape of the potential V (z) as a function of z with
s = 0.9. We have taken γ = 1 for illustrative purpose, al-
though we actually expect γ ! 10−3 for MX ! MGUT. When
E takes the value indicated by the dashed line, there is a
static Euclidean solution of a bubble with a finite radius. For
E smaller than this value, a growing or decaying Lorentzian
bubble may be connected from an Euclidean solution.
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static Euclidean solution of a bubble with a finite radius. For
E smaller than this value, a growing or decaying Lorentzian
bubble may be connected from an Euclidean solution.
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f− + Ṙ2. From (3) we find the wall radius satisfies

Β
"
#
0,
Β
$
#
0

Β
"
#
0,
Β
$
%
0

Β
"
%
0,
Β
$
%
0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
$14

$12

$10

$8

$6

$4

$2

0

z

V
!z
"

!"#"$%&!'()"$'*&

FIG. 2: Shape of the potential V (z) as a function of z with
s = 0.9. We have taken γ = 1 for illustrative purpose, al-
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static Euclidean solution of a bubble with a finite radius. For
E smaller than this value, a growing or decaying Lorentzian
bubble may be connected from an Euclidean solution.
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black hole mass M+ due to the Hawking radiation. We
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where now we allow two conical defects at rh and rc, and (in principle) a more general

form for f(r) than used previously. There is a wall whose location is parametrised

by r = R(�) and ⌧(�), as illustrated in figure 1. Let M± denote the regular parts

of the manifold to the right and left of the wall, regions B covering the conical

defects as before, and W the contribution of the wall itself and split the action into

contributions from each region,

I = IB + I� + I+ + IW , (3.8)

where B covers the conical defects as before,

IW = �
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are the remaining bulk actions with the relevant Gibbons-Hawking boundary terms.

Note @M± include both the boundaries at the conical deficit excision balls, as well as

the boundary on each side of the wall. As is conventional, these boundary integrals

are evaluated with inward pointing normals, which means that on the inner wall

boundary r� = R, this normal will in fact have the opposite sign to the one usually

used in the computation of the Israel junction conditions, and therefore there will be

an apparent sign di↵erence when we come to use that substitution, which is simply

due to this vexatious disparity in conventions.

In order to decompose the action into space and Euclidean time we use the

identity

R = 3R� K2 + K2
ab
� 2ra(u

arbu
b) + 2rb(u

arau
b), (3.11)

where the vector uµ is normal to ⌃⌧ [27]. After integration by parts, and taking the

conical deficit excision radius ✏ ! 0, we obtain
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with n±a = ±(⌧̇dr � ṙd⌧) the inward pointing one-form normal to W as described

above. The first integral reproduces the canonical action we had previously, and

vanishes due to the killing symmetry and the constraints. The second term represents
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with n±a = ±(⌧̇dr � ṙd⌧) the inward pointing one-form normal to W as described

above. The first integral reproduces the canonical action we had previously, and

vanishes due to the killing symmetry and the constraints. The second term represents

– 13 –

responding Lorentzian solutions. In this section we compute the Euclidean on-shell

action for the bubble-wall solution I, and for no bubble-wall ISDS, from which we

calculate

� / e�B, where B = I � ISdS. (3.1)

We claim that � gives the rate at which bubbles are nucleated in a false vacuum

SdS universe, centred on the black hole. Similar claims are made for calculation of

the decay rate of the false vacuum in de Sitter space, [9], for black hole nucleation,

[22, 23, 24], and for open universe nucleation, [11, 12]. The only case where the

formula has a rigorous justification is in flat space, [1]. An interesting interpretation

of the CDL instanton with some support for the formula has been given in [25].

Nevertheless, the use of instantons to calculate nucleation rates in curved space has

to be treated as speculative, and the results considered with a degree of caution.

3.1 General results

It is instructive to first consider the case where the Euclidean space M has a Killing

vector, @⌧ . This can occur in the absence of a bubble wall, or for a ⌧ -independent

wall configuration. As previously noted, M will in general contain a finite number

of conical singularities, we also allow for a general scalar field in the space-time,

provided it satisfies the required background symmetries.

The contributions from the conical deficits are determined by isolating them

within a small region around each, Bi = {xµ : |r � ri| < O(✏2)}, smoothing out the

conical deficit, performing our integral, then sending ✏ ! 0. Although in general, one

cannot regulate a co-dimension two ��function singularity in general relativity, [26],

for the particular case of a product metric, the limit is well-defined, as the ambiguity

occurs due to nontrivial physical content in the transverse components of the energy-

momentum tensor, which are not present in the special case of the product metric.

We therefore write the Einstein-Hilbert action as I = IM�B + IB, where

IM�B = � 1

16⇡G

Z

M�B
R�

Z

M�B
Lm(g, �) +

1

8⇡G

Z

@B
K (3.2)

IB = � 1

16⇡G

Z

B
R +

1

8⇡G

Z

@B
K (3.3)

where the appropriate Gibbons Hawking boundary terms have been added (with

inward pointing normals) at each ball boundary.

To evaluate this on-shell we perform a foliation of M� B with a family of sur-

faces ⌃⌧ (assuming the global topology permits), with 0 < ⌧ < �. For this foliation

we introduce coordinates with lapse N and shift functions N i, as well as the induced
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Calculate	the	Euclidean	action	following	Gregory	et	al	(2014).	

Wall	

Bulk	

Conical	deficits	(giving	rise	to	
a	contribution	proportional	to	
the	horizon	area)	

 		
B = −

AdeSitter
4G −

A+BHhorizon

4G + dτ E (2R−6GM+ )!tE+ −(2R−6GM− )!tE−⎡⎣ ⎤⎦∫ +
A−BHhorizon

4G

!!Γ ∝e−B ?

Using	the	static	metric	

B	as	a	whole	takes a	negative	value!!	



 		

B = dτ E (2R−6GM+ )!tE+ −(2R−6GM− )!tE−⎡⎣ ⎤⎦∫ −
AdeSitter
4G −

A+BHhorizon

4G +
A−BHhorizon

4G
≡ Btunnel − ΔS

		
ΔS =

Afinal
4G −

Ainitial
4G

The	transition	rate	from	one	microscopic		
state	to	another	microscopic	final	state		
is	given	by	
	
so	semiclassical	calculation	would	be	OK.		

 		Γmicro ∝e
−Btunnel ≪1

	Γ ∝e−B = e−Btunnel+ΔS
	
eΔS =

Wfinal

Winitial

#	of	states	

may	be	interpreted	as	a	transition	rate	from	one	microscopic	state	
with	a	statistical	weight																to	a	final	state	with										macroscopic	
degrees	of	freedom.	

		1/Winitial 	
Wfinal

Mathur	(2010)	

		m
2 =120 2ε 2 , 	q=1,	ξ 4 =25ε 4




