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1. Massive gravity 101:
Fierz-Pauli linear theory for an Einstein space-time

Consider an Einstein space-time obeying R, = A g,

Fierz-Pauli theory (1939)

IS the (only correct) theory of a
massive graviton /1, which
propagates on this space-time




1. Massive gravity 101:
Fierz-Pauli linear theory for an Einstein space-time

Consider an Einstein space-time obeying R,, = A g,.,

Fierz-Pauli theory Is defined by

Fierz-Pauli (1939), Deser Nepomechie (1984), Higuchi (1987),
Bengtsson (1995), Porrati (2001)

Field equations £, ~

Wlth on shell
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Einstein-h Analogous to Proca equations

for a massive photon :

0, F" +m2A” =0



1 2
E,., = D#.,fghpcf — A (faﬂ_p — 59#_,,]3) 4 % (hpy — guvh)

Cosmological Mass

Kinetic
operator constant | term

|
Comes from expanding the

Einstein-Hilbert action /d%\/ —g (R — 2/\)

Interest. Cosmology ?
The mass term leads to a large distance

modification of gravity
(C.D., Dvali, Gabadadze 2001)
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DOF (= « polarizations » ) counting

The Fierz Paun-theory for a massive graviton
of mass m propa, 2S

( l\llash' —~qr~ T (Of GR) J

P 2

9, F" +mPAY =0 )

« 5DC the Proca « photon »
has 3 polarizations

e 2DOF Ifrr
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DOF (= « polarizations » ) counting

The Fierz Pauli theory for a massive graviton
of mass m propagates

%[ Massless graviton (of GR) J
« 2DOFiIfm=0
A Generic massive graviton J

e 5DOFifm=z0andm2-#2 A/3

Partially Massless
« 4DOFifm?2=2A4/3 graviton
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E,., = D#.,fghpcf — A (faﬂ_p — 59#_,,]3) 4 % (hpy — guvh)
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Comes from expanding the

Einstein-Hilbert action /d%\/ —g (R — 2/\)

This implies the (Bianchi) offshell
identities

1
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How to count DOF ?

1 2
E,., = D#.,fghpcf — A (faﬂ_p — 59#_,,]3) 4 % (hpy — guvh)

Cosmological
constant

Mass
term

Kinetic
operator

(a) ' ' j
Cow Analogous to 0,0, """ = (

Eins .
In Maxwell and Proca theories

This implies e (... _onshell
identities

1
V,U- |:Dﬂupghpg — jl (h:u.p _ EH#U h):| — D



Results in an the off-shell identity

m 2
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Results in an the off-shell identity

m 2

VH:E‘LL.U — 7 (V“hﬂ,y — gpgvyh-pg)

And the on-shell relation

Vi, —Vy,h =0

4 vector
constraints

Kills 4 out of 10 DOF of /.,



Results In an the off~=~ll~
Analogous to the constraint

vp, >
m-0, A" ~ ()
of Proca theory
And the on-shell rere.. ..

Vi, —Viy,h =0

4 vector
constraints

Kills 4 out of 10 DOF of /.,



Taking an extra derivative of the field equation
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Taking an extra derivative of the field equation

operator yields (off shell)

?’TZQ >
v&vy EH" — 7 (v,u.-vp }Z-H_;,; o v h)

While tracing it with the metric gives

3m?
QH:UE,U-L’ — VQ}Z- — VHVY ]Z’H...U + (A 2 ) h




Taking an extra derivative of the field equation

operator yields (off shell)

2
m
V'urvyEy,p — 7 (VHVU}Z‘LMJ — th-)

While tracing it with the metric gives

3m?
gHrUE,quf — VQh- — \/Hvyh-pfp + (A 2 ) }2,.

Hence we have the identity

T 2

2VHEVYE ., + J'n.zﬂﬁ'”Eﬂ.u = (21“1 — 3?‘132) h

Yielding on shell (QA — 3m2) h ~ (O




(2A —3m*) h ~ 0

Generically: yields h ~ (
i.e. a “scalar constraint’” C=h ~ 0
reducing from 6 to 5 the

number of propagating DOF
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Then this vanishes identically
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(2A —3m*) h ~ 0

However, if 2A = 3m?

Then this vanishes identically
Asis 2VHVYE,, +m*g" E,,

Shows the existence of a gauge symmetry

m? A
Ai?#}j = (V Vp -+ jgu) R( ) (VHVU + Eg,uu) g(I)



Hence, if 2A = 3m?
one has 6 - 2 =4 DOF

The massive graviton is
said to be
“Partially massless” (PM)



Two questions:

Can a fully non linear PM
theory exist ?

Can a PM graviton exist on
non Einstein space-times ?



Two questions:

Can a fully non linear PM
theory exist ?

Can a PM graviton exist on
non Einstein space-times ?

Here we address the second one...



First, we need to introduce the theory of a
massive graviton on arbitrary backgrounds

2. Consistent massive graviton on
arbitrary backgrounds

iy 1. . , . ;
S(2) — —511[; /{'14.r'\/ 19|h (5“”'0” + mzﬂ/i””p”) h o

Einstein-Hilbert
Kinetic operator

Mass term



The theory has been obtained In

L.Bernard, CD, M. von Strauss
1410.8302 + 1504.04382
+ 1512.03620 (with A. Schmidt-May)

out of the dRGT theory

de Rahm, Gabadadze;
de Rham, Gababadze, Tolley 2010, 2011

Fully non linear theory for a dynamical metric + a non
dynamical one which has been shown to propagate 5
(or less d.o.f.) in a fully non linear way ...

... evading Boulware-Deser no-go « theorem »



Our massive graviton theory is defined by



Our massive graviton theory is defined by

1. Asymmetric tensor SH__,,. obtained from the
background curvature solving

R', =m? Kﬁo - 56151) 0k + (B1 + Bae1) 1, — F2(S?)",

with 3, 8, and 3, dimensionless parameters

and m the graviton mass, e, the symmetric polynomials
ep = 1,

_ P
€1 = S_{)?

1 e = 5 (57,87, —5%,5")

1 o L/ L ¢ L ( / g 1/ L
es = = (S*,8%,5, — 38K SF 8" 4 25°,5" SK) .
L ey = det(S5).




2. The following (linear) field equations

?72;2

EMI/ = gﬁwpahlpg + 7 2 (60 + Bier + /3262) h‘pw — (,81 -+ 6261) (h'ﬁbpspu + h-,/pS‘OM)
— (51{];1,;/ + /82619;1,1/ — /6)28;1,:/) h‘paspa + /82gw—/hpﬁ(52)pa

— (81 + B2e1) (g.p05°, + g,/pdSﬂL) ~ (),



2. The following (linear) field equations

?72;2

Epw — gwjpahpa — |2 (BO + 6161 + 5262) hpw - (181 + 6261) (hp,pSp;/ + hr/pspﬂ)

1
Eun" hos = =3 0n6oN? 4¢PV NV, — 60NV, — 0NNy = 9w g™V + 9, VPV

2
— (519;1,;/ + /82619;1,1/ — /BQS;M/) hpo_spa + ngp‘,uhpa(sz)pa

— (51 + 6261) (Qp,p55p,, + gf/péspﬂ) =~ 0

Linearized Einstein operator

+ 0767 R — g R | hyo

[T Y



2. The following (linear) field equations

?72;2
EPW = g;u/pahpﬂ + 7 [2 (BO + 6161 + 5262) hpw - (181 + 6261) (hp,pSp,/ + hr/pspﬂ)

_ (519;1,;/ + ,82619;“9 — /BQS;LI/) hpo_spa + ngpl/hpa(sz)pa

— (1 + [2e1) g,,pcSSF’;L)] ~ (),
1

6%, = 59" exes (9207 + 000% — gung™ ) + exca (SLO + ST8 = Syug™ = 95" )

— €3(Cq (6‘050- + 605’0) + (62 Cl — €4C3 + €3 CQ) S“L,S'OO-

v v

i

+eaes [71S71L + 04157 — 07157 + OLIS?I + 71571, — g (577

—cgey (SLST + SISL) = eacs (S7IS?IL + SEISPI] + SEIS + S5

+ (ezca —ercr) (SP7[S%] + Su[S%77) — (c1 — ea c3) ([52]5[52],‘5 + [52]5[52]ﬁ>
+ Cq [SQ]HU[SQ]'OG + C1 ([53]#“}5;)0 + S;Lr/['gg]pg) + C2 ([53];L3/[S2]pg + [SQ]MU[SS]pg)

+ c3 [Sg]pu[sg]pg} hfpcr ;
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DOF counting ?

We follow the analysis for the case of Einstein
space-times:

The linearized Bianchi identity V“QW =

Yields 4 vector constaints reducing from 10 to 6
the number of propagating DOF

A scalar constraint C ~ () reduces to 5 the

number of DOF

m? 31
9

i

C=(S™Y VIVFE,, + —1¢" B,y + m?32S" By, =~ 0



3. PM graviton on non Einstein space-times ?

We look for (non Einstein) space-times where the
scalar constraint

C = {5'_1 )Hp?p‘v'.HEle +

.
m* 3

2

g.l'-mEle I TH-EISQS'“H E,uu ~ 0

ldentically vanishes

Yielding the gauge symmetry %, — h,, + Ah,, with
Ahy,, = [(LST_I)#PVPV,, o (S—l)fvpm + r'r;r.ziﬁl‘g#_,,, + 2m? 35 .S’#,,] ()




3. PM graviton on non Einstein space-times ?

We look for (non Einstein) space-times where the
scalar constraint
C = {5'_1 jyp?p?'“Eluu +

)
m* 3
P

i

g.l'-mEle L T?'i!-zl:"j"gS'L”" E,uu ~ 0

ldentically vanishes

Yielding the gauge symmetry %, — h,, + Ah,, with
Ahy,, = [(LS"'_I)#‘_OVPVU o (S—l)fvpm + r'r;r.ziﬁl‘g#_u + 2m? 35 .S’#,,] ()

We need to look in detall at the
structure of the constraint




The scalar constraint reads
C = m? HA% — A’d}‘) hax + B;A V7hax
With F = (S* 50 + S 55)%

LV v



The scalar constraint reads
+ Aﬁ}‘) hax + B;)‘ Vphﬁ)\}
s> 68 4 g 55) Jisn

[Tg” v

. . 1 1
AP = m? S'Jp{ (,30_51 + BofFoer + 53%51) Q’p}k + (—250,52 — 53% — 2;32252 + 35‘3%) SPA

T .HSEI[SE]pl] ’



The scalar constraint reads

) s+ B V2hn
With hy==(S°,0) +5)§/55)716>\
==

AP = % (B1 + Baer) [ST']Y [—V““'S‘”}‘VMSE +VYSIVASE + V1 SIVAST — V7S, VP8
— SPVIV,SE + SEVIVASE| + B [STUY, [SEVASEV e — SEV, SV ey
+ SOV1SIN, 5P + SOOIV, S + SV SHPY, 8P 4 SHPVTSAVY, ST
— 250V S ey — SEINVISEVPS) — SINVYSEVASE — SEVTSIVASY
— SPVSEVASE + SIVYSEV e 4+ 84V S, VIST — SAVTSIVeS)

— SV SIVHSE — SIS VHSE — SHVISEVHSE + 280V SHAPS,,
+280V78,, VHSPA + S SIVTV, S 4+ [SMVIV,SE — [S?PAVIV, e
— [SYPVIVASE — SASPVIVESE 4+ [S2PAVIVP S,W] 4By { +VPSA Ve
— V., 8PV e — VHSEVAS) — WHSEVASE + U1 SEV e +V,SHVP 5P
— VrSAVFSE —VPSAVISE 42V, SPVH SN — SEVAVISE 4 SIVIV e
— SVIVPST + SIVIV,SP 4+ (B N),



The scalar constraint reads
C=m" [(AB)‘ + Aﬁ)‘)

[Tg”

[ 1 ‘ — 1 o) ' [ el a ' Nals L ‘
B = 5 (B1+ Baer) [S Y [=87407V, S0 +67S0VAST + 6,80V ST — SPAVTS,, ]

+ B2 [S7HY, [53‘3?5;?%55# + 81 [S?MV, S — 51[S%PAV er — 6 [SP)AVASE

. A L ¢ ) « . ; . ) ) . ) ,
~SASIVES 4 (ST S+ SIS, 4 [V, - STV
- SISIVISE] + B [-SPVAS) + 8V Nes — S)VES] + 28]9,57 + 8153V e

. S,Slvpﬂl 4 S,SAV#SS . 555&?115;2 _ SEV.HSS + (3 — }\) .



To get a PM theory we need to look for space-times

where A°* 1 AP and B{j)‘ vanish identically.
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To get a PM theory we need to look for space-times

where A% + AP and B;)‘ vanish identically.

Most general solution ?

Assume |V ,5, =0

(i.e. S, covariantly constant)

A B :
makes A”* and 5" vanish.



Space-times possessing a covariantly constant
tensor H v are classified as (provided H %
IS not proportional to the metric)

1. Spacetimeis 2 ® 2 decomposable
gdxtda” = Jap(2°)d2da” + g;; (2" )da' da’

and Hﬂ,pHpV — H,u)l/

2. The spacetime admits a covariantly constant
vector N* and H,, = N, N,



Note further that the definition

R, = m? {(J’D + ;)rln'fl) oF + (B + [2e1) SH, — J:J’g(.fa’g)’“iJ

e

Imposes that V,5,, =0 V,R,, =0

Hence the space-time must be “Ricci Symmetric”

...l.e. the covariantly constant tensor is the Ricci
tensor...



The spacetimes of interest for us here will all have
(R*), =1r{ R”, + 156" with 71 and "> constant

as a consequence of the integrability conditions

And have to solve (in order to get a PM graviton)

[ [ Liz [ i h i I.jz [
-hllj’ - ) ) ; — L—] A - - e a o ; ¢ .'_:jJ ) -
0\ (.3’2 Boe1 + Bol1 + ;_)1(_1) + 5y (—2;32;3’0 + 113’5('-%% — 2;}’502 — ?1) — (.52)')\ (f:l.:?%) =0

R’u,'/, — I??.Z {()’D —+ ;)(1.31) (5;(; —+ (J'ﬁ)’l -+ 32{1’.1) S’LL — J’Q(HZ)’UV]

=



The spacetimes of interest for us here will all have
(R*), =1r{ R”, + 156" with 71 and "> constant

as a consequence of the integrability conditions

And have to solve (in order to get a PM graviton)

— -};‘2 y j,ﬁ — :
0 ( Bafoer + Bof1 + _Fl) T S'L (—) 5250 + 3’261 2] 3’263 — ?) — (SZ)E (6'11;’3%) — ()

O‘;tj T (‘j,l -+ _32 E’.l) Sr*t’:'j _ *..j)Z (‘SrZ ) H]..j‘

In order to get a vanishing C = mQABAﬁgA



The spacetimes of interest for us here will all have
(R*), =1r{ R”, + 156" with 71 and "> constant

as a consequence of the integrability conditions

And have to solve (in order to get a PM graviton)

B 2 4 2 : <3 Y : 42\ 3 / -
oY (J’Q Boe1 + BB + ;—)lf-l) + 5y (—2;323’0 + J’é{?% — 2.13’§<=32 — ?1) — (:52)')\ (CT‘-1~'3§) =0

R ,u} , = .??3.2 {()’D —+ ;)(1.31) ij —+ (J'ﬁ)’l -+ 32(21) S’LL — J'ZJ)Q(SZ)H]', j]

=

L

From the definition of S*




The spacetimes of interest for us here will all have
(R*), =1r{ R”, + 156" with 71 and "> constant

as a consequence of the integrability conditions

And have to solve (in order to get a PM graviton)
32 oh

B 5 - o | Bl an - 52 2 o 2\ :
0\ (.3’2 Boer + BoB1 + ;—)1(-1) + 5y (—2.323’0 + Jg(‘f% — 2[35€eq — ?) — (.52)')\ ((’1.3%) =0

R’u,'/, — H?.Z {()’D —+ ;)(1.31) (5;(; —+ (J'ﬁ)’l -+ 32{"1) LST’LL — J’Q(HZ)’UV]

=

—

NB: this implies that the Ricci tensor
obeyes indeed the required relation



Explicit solutions (1)

with | (B =i Ay & 12
i 30/ = 23 16u? — 24u — 3
ST (du + 3)
dimensionless dimensionful
_ o 2d0drt 2d2das
ydadae” = — — 4
/ e 14+ (H —E)x xt /8 1 —(h+LE)rx
In 1+ (R—E)9%1/8)2  (1— (R + E)1213/8)2
R 1
type D: 1 = 5 r2=—7g (R2 — Eg)
2@ 2- 2 72 ((] + 60w + 14442 + 64u )R2 [Ana|0g0US\
(—9 — 1320 — 48u2 + 64u3)>— to
2A = 3m?
R 3m y

o .:) _|_ 96'1:!- R
T 57 201320 — 4802 + 6403




Explicit solutions (II)

with | ) =l radh
| =25 16u® — 24u — 3
v=m-Po— (40 + 3)
dimensionless dimensionful
I dz? + dy? — e dw? ;
gupdatda” = J 5 + € dz?
14+ R (2% 4+ y? — ew?)/24]
R
type O : 7‘1255 ro =0
1 ®3- ‘ - N
256u + 1280u° + 432002 + 144u — 135 = 0__| Analogous
to
2N = 3m?
- 3m y

o 6(32u® +42u+9) 5
| YT 19803 - 144w & 144 L 27




One simple example of the last kind Is
Einstein static Universe !

{dsz = g dat'da” = —dt? + a* dX?

with d¥? = v,; de'da’ = 1i1;;2?,,2 + 12 (d6? + sin® 0d¢?)

6L
R=—

a2



One simple example of the last kind Is
Einstein static Universe !

{dsz = g dat'da” = —dt? + a* dX?

with d¥? = v,; de'da’ = 1f22,r,2 + 12 (d6? + sin® 0d¢?)

6L
R=—

a2

The gauge symmetry reads

- | @u+3)(v—-2R) , u(6 R + 8Ru — 3v)v L

Ahy = [ v Ve + (=3 — 24u + 16u2)(—2R + vv) (=),

(4u+3)(v—2R) (3F —20) _ |
Ahy; = — V0 &(x),
Lt 2?(%_!) (t )%(1)
(du+3)(v —2R)_ . uv(—18R + 8 Ru + 9v) 5

Ah;: = |— V.0, | vl () .

| T [ % —v i 3(—3 — 24u + 16u?)(—2R + v) % | £()

With e.g. one solution being (u. v) = (—0.2006, 0.6622R)



Conclusions

PM exists on non Einstein spacetimes !

(in contrast with previous no-go claim by Deser, Joung, Waldron
In 1208.1307 [hep-th]...

... in particular some of our solution have a vanishing Bach tensor)

Solution for the vanishing
Of A"B)\—FA'B)\ and B;)\

are not known in full generality !



