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Laboratory experiments to understand space plasmas has a long history
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• 1942 - Alfvén theorises the existence of electromagnetic-
hydromagnetic waves in a paper published in Nature.  

• And nobody believes him.

• 1949 – Alfvén gives a talk at U of Chicago.  Fermi says “Of 
course such waves could exist.”

• And everybody believed him.

• 1949 – Lundquist produced Alfvén waves in magnetized mercury 
experiments (heavily damped).

• 1952 – Alfvén waves produced in laboratory helium plasma 
(Bostick).

• 1958 – Alfven waves observed on ground due to detonation of 
ionospheric nuclear device.

• 1960 – Alfven waves observed via magnetometer on Pioneer V 



Early work was based on linear theory
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• Linear theory is relatively easy to do.
• Solutions are guaranteed.

• Linear theory gives good ”observables”.
• Speeds
• Dispersion relations
• Polarizations

• Consequently, linear theory has been mostly worked 
out, verified in laboratory experiments, and observed 
in space plasmas.



A lot of nonlinear work has been done

• Weak turbulence theory
– Quasilinear theory

• Observables: rates, resonance conditions
– Decay/Coalescence (three wave) parametric

• Observables: rates, matching conditions
– Induced nonlinear scattering (2-wave + particle)

• Observables: rates, resonance conditions
– Inverse cascades and equilibrium solutions to wave kinetic equation

• Observables: power law PSD scaling laws 
• Soliton/BGK/coherent structures theory

– Observables: Waveform properties, soliton collisions, speeds
• Strong Turbulence Theory

– Scaling arguments lead to power law PSD scaling with k or omega
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Evidence for Nonlinear Induced Scattering of Lightning Generated Whistlers 
in the Radiation Belts:  Supported by Laboratory Experiments
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10 MHz – Lab Pump Wave

9.96 MHz – Lab Scattered Wave
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Laboratory Chorus-like whistler emissions: A problem 
that doesn’t fit into the main categories
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Stair-step Frequency-vs-time Structure in Lab Experiments
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Bayesian Analysis of Chorus Element

• Compute the probability of model parameters.
• Use model of time series based on perturbative plasma theory,

• Model functions can be made orthogonal over discrete time 
grid.

• Use all 6 channels of data for parameter determination.
• Integrate probability analytically over amplitude and phase.
• If one assumes model functions 

• And follows same procedure you recover FFT                            
theory.

f (t) = eγ lt
l=1

NW

∑ B1 cos(ωlt +αlt
2 )+ B2 sin(ωlt +αlt

2 )( )

f (t) = B1 cos(ωt)+ B2 sin(ωt)

Bayesian analysis techniques gives the best information god ever created

• Error Bars Can Be 
Computed

• ”Ensemble Averages” 
are just expectation 
values which can be 
computed

“I will be the greatest jobs president that God ever created.”
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Demonstration with Synthetic Data
Two Waves

• First wave has frequency 630 Hz, chirp 
rate 900 Hz/s, growth rate 50 /s, wave-
normal angle 11.15°, azimuthal angle 
35.3°

• Second wave has frequency 600 Hz, chirp 
rate 1200 Hz/s, wave normal angle 
61.15°, azimuthal angle 65.3°, growth 
rate -50 /s, with amplitude 10% of first 
wave at beginning of window

• FFT Bin size is 68.4 Hz

• Gaussian noise is added to each channel

No Reason to suspect more than one signal present
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Bayesian Technique Reveals Synthetic Second Wave

Fitting one wave, we can subtract 
the model from the data, and we 
can see the smaller signal.

Fitting two waves, all wave-
parameters are within error 
bars



Single chorus element with short time FFT
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Minima of Envelope

Main element

Sub-packet
Santolik et al. 2013



New Bayesian Spectral Analysis of Chorus Element

Minima of Envelope“Harmonic”
• Intensity corresponds 

to wave energy density

• Instantaneous 
frequency is plotted 
over time window 

• Growth rate is used to 
adjust wave energy 
density over time 
window

• Color saturates at 10-11 

ergs

NRL Experiment

Stair-step frequency structure

Van Allen Probe Data

Crabtree et al. 2016
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Resonance Condition

Gives 50 KeV Energy

Trapping Oscillations Observed in Wave Data with Bayesian Method
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Van Allen Probe Data
Single Wave Model

Oscillation’s consistent with 
10-15 KeV Trapped particles
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Direction of k from Van Allen Probe

Wave Normal Angle Azimuthal Angle

• Color intensity scales with wave energy density.
• Blue agrees with cold plasma linear theory to within 10%
• Red disagrees with cold plasma linear theory by more than 10%
• Angles determined from SVD of magnetic spectral matrix
• Azimuthal angle is in GSM coordinates not space-craft spinning 
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Comparison with Linear Cold Plasma Theory
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Finite Dimensional Hamiltonian Theory for Chorus

hamiltonians indexed by the particle label then we find,
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where we note that  
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is not a canonical coordinate of phase space, but is rather a definition
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Analyzing this Hamiltonian directly may be of limited use, however, there are reasons that

we find it useful, namely: 1) as a starting point for analyzing simpler cases as we will do in

the following sections, 2) as a means to write a general purpose code to analyze beam-wave

interactions. It should also be pointed out here that the consideration of oblique whistler

wave modes is only more di�cult because the single wave case does not have a 2-dimensional

phase space such that electron dynamics may be easily visualize. Once multiple waves of

any kind are included the phase space becomes inherently more di�cult to visualize and

analyze.

III. SINGLE PARALLEL WHISTLER WAVE

Here we consider the case of a single parallel propagating whistler in a background cold

plasma interacting with the electron beam. This case has been analyzed before20,21 , but we

feel that in light of new data a second study of these equations to highlight certain features

10
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For example, Considerable approximation and simplification leads to a self-consistent wave-particle Hamiltonian:



Resonant Mode

Nonlinear evolution for non-resonant modes
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• Pick a spectrally stable fixed point and perturb the beam 
momentum by 2%

• Calculate linear growth rate from kinetic theory for 
perturbed beam

Model Non-Resonant Mode:

Space Data

Suggests that Wave-Detuning May be source of Sub-packets



Nonlinear evolution of non-resonant instability

2/8/2017 PPD Colloquium 18

• Eigenvectors of linearly growing 
mode were used to initialize the 
simulation.

• Linear phase shows particles 
losing momentum.  Inexplicably 
they gain momentum as wave 
is damped.

• Nonresonant character of mode 
can be seen as island slips by.

• At saturation two structures 
appear, one near fixed point 
and the other near the 
seperatrix.



Bayesian perspective formalizes Occam’s razor

Among competing hypotheses, the one with the fewest assumptions should 
be selected that fits the data the best.

Suppose you have models {f1,f2,…fs} for the data D.  Then,

thus one can calculate which model has best probability of describing the 
data. But how to calculate probability?

And where each model fi has some set of parameters ⍵
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William of Ockham
(1287-1347)



Conclusions/Comments/Questions

• We have a long tradition of theory leading lab experiment and lab experiment leading space 
observation.
– But that worked best for linear theory?  Perhaps experiment and space observation can lead theory 

now?

• Bayesian Techniques offer a way to extract a lot of information from a data signal given a 
physical theory (need not be expressible in closed form)
– Standard tools available now to perform numerical computations of probabilities

• Bayesian Techniques offer a way to compare alternative theories using a framework that 
implies Occam’s razor
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